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High-energy behavior of cross sections in theories with large extra dimensions
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We discuss the high-energy behavior of cross sections in theories with large extra dimensions and low-scale
quantum gravity, addressing two particular issues:~i! the tension of the D-branes, and~ii ! bounds on the cross
section and their relation to approximations in the mode sum over Kaluza-Klein-graviton exchanges.
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Theories with large compact dimensions and an ass
ated low scale characterizing quantum gravity have been
subject of intensive study recently~a few references are
given in @1,2#!. In Ref. @2# we analyzed some of the phenom
enological aspects of such theories, including the hi
energy behavior of cross sections for reactions involv
graviton exchange. Assuming that there aren large compact
dimensions of size;r n , and denoting the scale of quantu
gravity in the (41n)-dimensional space asM41n*Ms
~whereMs is the string mass scale in an underlying stri
theory!, one finds the relation

M Pl
2 5~r n!n~M41n!21n ~1!

whereM Pl5GN
21/251.231019 GeV is the Planck mass, ob

tained from the measured Newton constantGN . Thus, in
these theories, the largeness ofM Pl is seen to be a conse
quence of the largeness of the compact dimensions, and
underlying short-distance Planck mass,M41n can actually be
much less thanM Pl . At large distancesr @r n ~here for sim-
plicity we assume the same compactification radius for al
the n compact dimensions!, the gravitational forceF}r 22,
while for r !r n , this changes toF}r 2(21n). It is a striking
fact that there is a vast extrapolation of 31 orders of mag
tude between the smallest scale of 0.2 mm to which Ne
ton’s law has been tested@3# and the scale that has conve
tionally been regarded as being characteristic of quan
gravity, namely the Planck length,LPl51/M Pl;10233 cm,
and it is quite possible that new phenomena could occu
these 31 decades that would significantly modify the nat
of gravity. It is therefore instructive to explore how dras
cally one can change the conventional scenario in which b
gauge and gravitational interactions occur in fou
dimensional spacetime up to energies comparable to
Planck mass. String or brane theory involves extra dim
sions and, especially in type I constructions, naturally lead
models in which open strings end on Dp branes@4#, so that
the standard-model gauge and matter fields propagate
these branes, while closed strings~gravitons! propagate in
the ‘‘bulk’’ between the branes.

*Email address: nussinov@post.tau.ac.il
†Email address: robert.shrock@sunysb.edu
0556-2821/2001/64~4!/047702~3!/$20.00 64 0477
i-
he

-
g

the

f

i-
-

m

in
e

th
-
he
-
o

on

In these types of models, gravitational scattering
strongly altered by the presence of a large number of Kalu
Klein ~KK ! modes for the graviton. To an observer in th
usual four-dimensional space, the massless graviton is
placed by a set of KK modes, of which the lowest is t
massless graviton itself, but the others are massive. The m
of a KK graviton mode is

m l 1 , . . . ,l n
5S (

i 51

n

l i
2D 1/2

r n
21 ~2!

where the mode numbers arel jPZ and the indicesj
51,2, . . . ,n run over the number of extra compactified d
mensions. The couplings of all of these KK states to ot
particles have the same Lorentz structure as the couplin
the graviton. These KK-graviton modes have the effect
changing the strength of gravitational scattering from its
ive value;GN5M Pl

22 to a level not much less than regula
weak strength, if the underlying quantum gravity scaleMs is
not much greater than the electroweak scale,Mew
;250 GeV. This can be seen because in calculating the
for such a scattering process, one multiplies the squared
pling M Pl

22 by a factor incorporating the multiplicity of the
various KK modes that are exchanged. Since this facto
;(s1/2r n)n, where s1/2 is the center-of-mass energy, whe
one substitutes the expression forr n from Eq. ~1!, the factor
of 1/M Pl

2 is exactly cancelled, and the final product
sn/2/M41n

n12 . Thus, from a four-dimensional viewpoint, a
though the KK gravitons are coupled extremely weakly, t
is compensated by their very large multiplicity, so that th
net effect involves in the denominator a mass scale of or
M41n @6#.

In Ref. @2# we carried out estimates of the effects of t
exchange of the KK-graviton modes to 2→2 gravitational
scattering processes. In the theories of interest here, aAs
becomes comparable to the string scale,Ms , one changes
over from a field theory~with effects of D-branes included!
to a fully stringlike picture, so thatMs serves as an uppe
cutoff to the low-energy effective field theory in which th
calculation is performed. Accordingly, one imposes an up
cutoff
©2001 The American Physical Society02-1
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l i, l max5Msr n ~3!

on the sums over KK modes, which thus run over the ra

l i50,61, . . . ,6 l max for i 51, . . . ,n. ~4!

The value ofl max5Msr n is very large; for example, forn
52, for Ms;30 TeV, one hasl max5Msr 2;431014.

In @2# we studied several approaches to estimating
high-energy behavior of the 2-2 gravitational scattering cr
section and chose an eikonal approximation that autom
cally produced a unitary result for this cross section. O
result was@see Eq.~2.35! in Ref. @2##

s~s!5
4ps

M41n
4

~5!

wheres is the center of mass energy squared. It was emp
sized that because of the universal nature of the gravitati
coupling, this applies to any 2-2 scattering process, indep
dent of particle type.

One application of this result is to ultrahigh energy~UHE!
neutrinos with energies ranging from;1015 eV to 1020 eV
and beyond. Neutrinos in these energy regions can be
duced in several ways, including~i! from active galactic nu-
clei, ~ii ! as decay products of the pions produced by
reactionp1gCMB→N1p, wheregCMB denotes a photon in
the cosmic microwave background radiation,~iii ! via analo-
gous reactions in which the protons scatter off of the rad
tion field of a source such as a gamma-ray burster, and~iv!
via decays of Z bosons produced resonantly from antineu
nos scattering on relic neutrinos@7#. From our estimates, in
conjunction with standard-model calculations of ultra-hi
energynp andn̄p total scattering cross sections@8#, we con-
cluded that in theories with large compactification radii a
low-scale quantum gravity, it is possible for gravitation
scattering to make a non-negligible contribution to the
cross sections. This could also affect the opacity of the E
to ultra-high energy neutrinos. Indeed, from standard-mo
calculations, it is known that at energiesE*1015 eV, the
interaction length for~anti!neutrinos is smaller than the d
ameter of the Earth, and forE*1018 eV, the Earth is opaque
to ~anti!neutrinos@8#, so that the highest-energy~anti!neutri-
nos would be expected to arrive at a detector from the
ward hemisphere, while those coming upward and thus
versing more of the earth are commensurately more hig
absorbed en route. If, indeed, new gravitational contributi
to ultra-high energynp andn̄p scattering are significant, thi
would be important for currently operating large detect
such as AMANDA and BAIKAL, and the next-generatio
detectors such as AUGER, NESTOR, ANTARE
ICECUBE, etc.@7#.

It is of continuing interest to investigate further what pr
dictions an assumed underlying string theory of quant
gravity could make concerning models having extra dim
sions whose compactification radii are large. Unfortunat
at the present stage of understanding, one cannot derive
compactification processab initio or reliably calculate the
compactification radii. Another property is the tension of t
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Dp branes@4# that serve as thep-dimensional spaces, form
ing (p11)-dimensional world volumes, in which th
standard-model fields propagate, while gravitons propag
in the higher-dimensional ‘‘bulk’’ extending outside of thes
Dp branes. This tension~more precisely, energy per un
p-dimensional spatial volume of the D-brane! tp is given by
@5#

tp5
1

gs~2p!p~a8!(p11)/2
~6!

wherea85Ms
22 is the Regge slope, which sets the scale

the string massMs and is related to the string tensionT
according toT51/(2pa8). Because of the inverse depe
dence on the string couplinggs , the D-brane tension, wher
one can calculate it reliably using perturbative string the
~i.e., for smallgs!, satisfiestp@(Ms)

p11. More generally,
since nonperturbative effects can be important, one exp
that tp is at least of order (Ms)

p11. In turn, this determines
the rigidity of the D-branes; for large tension, recoil effec
accompanying KK-graviton emission are negligibly small.
follows that KK-graviton recoil effects are negligible up t
the energyE;Ms at which the low energy pointlike effec
tive field theory methods used in phenomenological stud
@1,2# cease to apply and must be supplanted by full stri
theoretic calculations. Consequently, in most analyses@1,2#,
recoil effects are usually dropped. Indeed, even if one tak
moderately strong string couplinggs;O(1), tp would still
be of order (Ms)

p11 ~as is clear from simple model
independent dimensional arguments!. In the exceptional case
where one assumes thattp!(Ms)

p11, the recoil effects
would suppress KK-graviton emission and hence vario
cross sections involving these@9,10#.

Our eikonal approximation used for calculating the KK
graviton 2-2 scattering cross section automatically yield
unitary result, and, indeed, this is one reason that we re
upon this method for our estimate@2#. As we noted in@2#, the
Froissart bound does not apply to KK-graviton scatterin
because this bound assumes that the lightest particle
changed in thet-channel has a finite mass, but this is not t
case for reactions involving KK-graviton exchange, since
lowest-mass particle is the usual massless graviton. Ind
if one letsmmin be the lowest-mass particle exchanged in
t-channel ands0 be a reference value for the center of ma
energy squared, then the Froissart bound is@11,12#

s,
4p

mmin
2

ln2~s/s0!. ~7!

Thus, clearly, there is no bound ifmmin50, as is the case
here.

Since the enhanced size of the cross sections involv
KK-graviton exchange comes from the large multiplicity
KK modes, one might inquire what sort of result one wou
get by making an approximation in which one excludes
single massless graviton from the sum over KK modes.
call that these modes are indexed by then additional KK
momentaki5 l i /r n where l iPZ and the graviton itself has
2-2
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l i50 for i 51, . . . ,n. In this case there is a finite, thoug
very small, gap,mmin51/r n . In @2# we concentrated on th
casen52, so let us take this again here for definiteness
this case,r 25M Pl /M6

2. The Froissart bound then allows~ne-
glecting the logs! s54p/mmin

2 54pr 2
2 . This is exactly the

value of our linearly rising cross section~5! at s5M Pl
2 . In

this case there are just four KK-graviton exchanges that
characterized by the minimum nonzero mass, namely, fon
52, kl5(61/r 2,0), (0,61/r 2). The strength of the partia
wave amplitudes/M Pl

2 of each exchange is order unity at th
value s5M Pl

2 , thereby allowing for the saturation~up to
logs! of the Froissart bound. Fors.M Pl

2 , the cross section
saturates at 4pr 2

2 , as is clear from the fact that larger valu
would require larger impact parametersb.r 2, but here the
spacetime is four-dimensional and no special KK-gravi
effects occur.

Consider next some lower energys5M Pl
2 /N2. The rel-

evant KK modes are theO(N2) modes satisfying the condi
tion k1

21k2
2,(N/r 2)2, i.e. the modes that have squar

masses smaller than (N/r n)2. In this case the Froissart boun
allows cross sectionss54pr 2

2/N2, again in agreement with
our Eq. ~5!. Furthermore the reduction of each individu
exchange amplitude by the factors/M Pl

2 51/N2 is compen-
sated by the multiplicity of the relevant;N2 KK-graviton
exchanges, so that again we have a total resultant ampli
.
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of order unity and hence saturation of the Froissart bou
@6#. Of course for the true cross section, one cannot excl
the contribution of the massless graviton, which, as not
means that the conventional Froissart bound does not a
to this cross section. In passing, we note that in Ref.@10# an
attempt to analyze the high-energy behavior due to
graviton was made, and seemed to give a somewhat we
growth of the cross section than in Eq.~5!. We have traced
the reason for this; instead of thet-dependence 1/(t
2m l 1 , . . . l n

2 ) appropriate for the exchange of the KK-gravito

mode with extra-dimensional momenta (l 1 /r n , . . . ,l n /r n),
Ref. @10# used anad hocexponential form. As the derivation
of the Froissart bound clearly shows, it is thet-dependence
~equivalently, the dependence on the impact parameterb)
that matters and not the initialsn behavior of the Born am-
plitude that, even forn>2, is removed by unitarization in
systems with finite range interactions.
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